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We study strongly supercooled cosmological phase transitions. We perform numerical lattice
simulations of two-bubble collisions and demonstrate that, depending on the scalar potential, in the
collision the field can either bounce to a false vacuum or remain oscillating around the true vacuum.
We study if these cases can be distinguished from their gravitational wave signals and discuss the
possibility of black hole formation in the bubble collisions.
I. INTRODUCTION
Various particle physics models include symmetries
that are broken at low energies. At high temperatures
in the early Universe, these symmetries are restored by
thermal effects. Symmetry breaking phase transitions
happen as the Universe expands and cools down. Some
of these phase transitions may be of first-order, and there-
fore generate a gravitational wave (GW) background [1].
If this background is sufficiently strong, it can be probed
by future GW observatories, such as LISA [2].
A first-order phase transition proceeds by nucleation of
bubbles of a new energetically favoured vacuum state [3–
5]. These bubbles then expand, eventually collide with
each other and finally turn the whole universe in the true
vacuum state. It is possible that the vacuum energy of
the false vacuum surpasses the thermal energy before the
transition finishes. In this case the bubble walls acceler-
ate almost to the speed of light and accumulate a large
amount of energy before their collisions.
The friction caused by the thermal plasma can slow
down the wall such that it reaches a terminal veloc-
ity [6, 7]. Most of the energy released in the transition is
then in the plasma motions and the GW signal from the
phase transition is dominated by sound waves and turbu-
lence in the plasma [8–11]. Models where this in general
happens include many extensions of the Standard Model
related for example to electroweak baryogenesis [12–17]
or hidden/dark sectors [18–21]. However, if the transition
is sufficiently strongly supercooled, the terminal velocity
is not reached before the bubble walls collide [22]. In
this case the GW signal is dominantly sourced by the
scalar field gradients [23, 24]. Such strongly supercooled
phase transitions are expected especially in models that
are classically scale invariant [25–32].
In this paper we study the latter case by perform-
ing numerical lattice simulations of two-bubble collisions.
We begin in Sec. II by reviewing the theory of bubble nu-
cleation and growth. Then, in Sec. III we present the re-
sults of our simulations and show that depending on the
scalar potential, the field can either remain oscillating
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around the true vacuum or bounce to the false vacuum
immediately after the collision. In Sec. IV we study the
GW signal from the phase transition in both of these
cases. Our results indicate that the differences in the
GW signal may be too small in order to distinguish these
cases. This conclusion may, however, change when mul-
tiple bubbles are considered. Finally in Sec. V we discuss
the formation of black holes in the bubble collisions. In
particular, our results indicate that the main assumption
in Ref. [33], that the false vacuum bubble formed in the
collision becomes spherical, is wrong and therefore we
conclude that their mechanism for black hole formation
in bubble collisions does not work.
II. BUBBLE NUCLEATION AND GROWTH
Let us consider a scalar field that is initially in a local
minimum at φ = 0 of its potential V (φ) but the global
minimum of V (φ) is at φ 6= 0 (see Fig. 1). The barrier
tunneling probability to the energetically favoured phase
at φ 6= 0 is Γ ∝ e−SE [3–5], where SE is the Euclidean
action of the scalar field,
SE =
∫
d4x
[
1
2
(∂tφ)
2 +
1
2
(∇φ)2 + V (φ)
]
. (1)
The tunneling probability is dominated by the path that
minimizes the action. This is given by the O(4) symmet-
ric classical configuration that is solution of
∂2rφ+
3
r
∂rφ = V
′(φ) , (2)
where r2 = t2 + x2 + y2 + z2, with boundary conditions
∂rφ = 0 at r = 0 and φ → 0 at r → ∞. Such a solution
represents a bubble inside of which the field is near the
true vacuum while outside it goes to the false vacuum
background.
At non-zero temperature, T 6= 0, the situation can
change significantly. As discussed in Ref. [5], at T  r0,
where r0 is the radius of the O(4) symmetric solution,
that can be roughly estimated as the radius that max-
imizes |∂rφ|, the action reduces to SE ' S3/T , where
(r2 = x2 + y2 + z2)
S3 = 4pi
∫
r2dr
[
1
2
(∂rφ)
2 + V (φ)
]
. (3)
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2The corresponding equation of motion is
∂2rφ+
2
r
∂rφ = V
′(φ) , (4)
which again should be solved with boundary conditions
∂rφ = 0 at r = 0 and φ → 0 at r → ∞. The bubble
in this case is in general smaller than in the T  r0 (or
O(4) symmetric) case.
Next, let us describe the evolution of the bub-
bles after nucleation. In Minkowski space (gµν =
diag(1,−1,−1,−1)) the scalar field action is
S =
∫
d4x
[
1
2
(∂µφ)
2 − V (φ)
]
, (5)
and the time evolution of φ is governed by the Klein-
Gordon equation
∂µ∂
µφ = −V ′(φ) . (6)
Consider now an O(3) symmetric bubble nucleation.
It is convenient to describe the evolution of this field
configuration in spherical coordinates (t, r, θ, ϕ), where θ
and ϕ are the azimuthal and polar angles. By the O(3)
symmetry, the Klein-Gordon equation becomes
∂2t φ− ∂2rφ−
2
r
∂rφ = −V ′(φ) . (7)
If the initial bubble is O(4) symmetric its evolution in
addition to O(3) rotation symmetry invariant also in
Lorentz boosts, i.e. it respects O(1, 3) symmetry. In
this case it is convenient to define new coordinates (s, ψ)
by
t = s coshψ , r = s sinhψ , for t ≥ r ,
t = s sinhψ , r = s coshψ , for t < r .
(8)
The derivative ∂φ/∂ψ vanishes, and the Klein-Gordon
equation reduces to one dimension,
± ∂2sφ±
3
s
∂sφ = −V ′(φ) , (9)
where + sign corresponds to t ≥ r and − sign to t < r.
We see that in the region t < r we reproduce Eq. (2) and
therefore the solution is simply φ(s) = φ0(s), or φ(t, r) =
φ0(
√
r2 − t2), where φ0 denotes the solution of (2). In
particular, the bubble wall traces the hyperboloid r20 =
r2 − t2.
Let us next consider collision of two bubbles. We ar-
range the coordinate system such that the bubble centers
lie on the z axis at z = ±d/2. A collision of two O(3)
symmetric bubbles is invariant under O(2) group consist-
ing of rotations in the (x, y) -plane perpendicular to the
collision axis z. The evolution of this two-bubble sys-
tem is most easily described in cylindrical coordinates
(t, r, θ, z) in which the Klein-Gordon equation simplifies
due to the O(2) symmetry to
∂2t φ− ∂2rφ−
1
r
∂rφ− ∂2zφ = −V ′(φ) . (10)
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FIG. 1. The scalar potential (13) used in the numerical sim-
ulations for different values of the parameter a.
If the colliding bubbles are instead O(1, 3) symmetric,
their collision isO(1, 2) symmetric, and the Klein-Gordon
equation is given by
± ∂2sφ±
2
s
∂sφ− ∂2zφ = −V ′(φ) , (11)
where, again, + and− signs correspond to the regions t ≥
r and t < r, respectively. The bubble collision happens
in the region t ≥ r. In this region we solve the above
equation numerically, as described in the next section. In
the region t < r we can, instead, simply use the analytical
continuation of the initial bubble solution,
φ(s, z) =φ0
[√
s2 + (z − d/2)2
]
+ φ0
[√
s2 + (z + d/2)2
]
,
(12)
where s2 = −t2 + r2.
III. TWO-BUBBLE COLLISIONS
Next we turn to discuss the numerical simulations of
two-bubble collisions. For this, we need to pick a scalar
potential. Due to its simplicity, we consider a polynomial
scalar potential with two minima, given by
V (φ) = v4 + av2φ2 − (2a+ 4)vφ3 + (a+ 3)φ4 , (13)
where a, v > 0. The global minimum of this potential is
at φ = v with V (v) = 0, and φ = 0 is a local minimum
with V (0) = v4. The parameter a determines the po-
sition and height of the barrier between the minima, as
illustrated in Fig. 1. For a = 0 the barrier vanishes. In
the following we use units where v = 1.
We start from the state where the field φ lies in the
false vacuum at φ = 0. At t = 0 we put two identical
bubbles at z = ±d/2, and choose their distance d to be
much larger than their initial radius. We consider both
O(3) and O(4) symmetric initial bubbles calculated by
solving Eq. (4) in the O(3) symmetric case and Eq. (2) in
the O(4) symmetric case. We note that in both cases the
3initial profile can be well fit by a tanh -profile. Moreover,
in the O(3) case we need to start from a bubble that is
slightly bigger than the solution of Eq. (4) as the exact
solution would remain stationary.
We then evolve the scalar field by solving numerically
on a lattice Eq. (7) in the case of O(3) symmetric initial
bubbles and Eq. (9) in the case of O(4) symmetric ini-
tial bubbles. The simulation in the latter case is slightly
simpler, as it includes one coordinate less (only s and z)
than in the O(3) symmetric case (t, r and z). We consider
only identical bubble collisions, so we implement reflect-
ing boundary conditions at z = 0 and simulate only the
region z ≥ 0.
We first compare the cases with O(4) and O(3) sym-
metric bubble nucleations. As can be seen in Fig. 2 the
results in these cases for the evolution after the bubble
collision are almost identical. This is because the radius
of the initial bubbles is much smaller than the distance
between them, and therefore the initial configuration has
only a small effect on the evolution after the collision.
This also works as a good check that the simulations work
properly. In the following we will focus on the results of
simulations with O(4) symmetric initial bubbles as these
simulations are faster. However, we have cross-checked
all our results in the O(3) case.
From Fig. 3, where we show the field value at the col-
lision point z = r = 0, we see that in the case a = 10
the field bounces back to the false vacuum whereas in
the case a = 2 it remains oscillating around the true
vacuum. The difference between these cases can be very
clearly seen in Fig. 4, where we show the energy density
of the scalar field. The energy density is on the r = 0
� ��� ��� ��� ϕ
FIG. 2. The time evolution of the scalar field at r = 0 in
collision of two identical bubbles. The upper and lower panels
correspond to O(3) and O(4) symmetric initial bubbles, and
the left and right panels to a = 10 and a = 2.
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FIG. 3. The time evolution of the scalar field r = z = 0 in two-
bubble collision starting from two identical O(4) symmetric
bubbles. The left and right panels correspond to d = 20 and
d = 30, and the red dashed and blue solid lines to a = 10
and a = 2. The thin horizontal lines show the position of the
maximum of the scalar potential.
surface given by
ρ(s, z) =
1
2
(
∂φ
∂s
)2
+
1
2
(
∂φ
∂z
)2
+ V (φ) , (14)
and can be, similarly to the field value, continued to non-
zero values of r ≤ t by replacement s → √t2 − r2 − z2.
In the former case the energy density after collision is
focused dominantly in a small region around the colli-
sion plane whereas in the latter case it spreads more
uniformly. This may have an effect on the GW signal
from the collision as discussed in Sec. IV. Moreover, as
discussed in Sec. V the latter case has been studied in
context of black hole formation.
As described in Ref. [34], in the case that a false vac-
uum bubble is formed, the bubble walls effectively bounce
from each other in the collision and start slowing down
due to the potential energy difference and bubble wall
tension. The false vacuum bubble eventually starts to
shrink and if it still has enough energy it will bounce
again. Eventually it has lost so much energy that the
bubble walls have become non-relativistic and they dis-
appear. The size of the false vacuum bubble and how
long it bounces before disappearing depends on the dis-
tance between the bubbles, as can be seen in Fig. 3, and
the potential energy difference between the minima.
In a more complicated scalar potential with more local
minima, the field may in the collision bounce to a dif-
ferent false vacuum than the original one, or even to a
deeper minimum than the one inside the initial bubbles.
In the latter scenario the region around the collision point
may then continue growing if the potential energy differ-
ence is sufficiently large. This mechanism may bring the
system to the true vacuum even if the nucleation prob-
ability of the true vacuum bubbles is too small. In this
study we will, however, consider only the simplest case
where the potential has two minima.
The trapping equation [35]
∂2sφ+
1
s
∂sφ = −∂V
∂φ
(15)
can be used to approximately determine whether a false
vacuum bubble is formed at the collision point. In
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FIG. 4. Snapshots of the scalar field energy density profile in two-bubble collision starting from two identical O(4) symmetric
bubbles. The left and right panels correspond to a = 10 and a = 2. The bubble centers are separated by distance d = 20.
this simple description appropriate for infinitely energetic
bubbles, at the moment of collision the two field profiles
simply add giving the initial value φ(s = 0) = 2φmin
for the above equation. For the scalar potential (13)
the larger a is the bigger the barrier between the vacua
and for sufficiently large a the field will be stuck in the
false vacuum after bouncing back there in the collision.
Eq. (15) predicts the false vacuum region is formed in the
bubble collisions for a > 7.76. However, in practice as al-
ready pointed out in [35] simulations never feature truly
infinitely energetic bubbles and as a result the dividing
line between these cases is more complicated. We will
use two examples with a = 10 and a = 2. The evolution
of the field in these cases is showed in Fig. 3 and we see
that even though for d = 30 the field bounces twice to
the false vacuum even for a = 2, it is not trapped there
and quickly rolls back to the true vacuum.
IV. GRAVITATIONAL WAVES
In this section we study the GW signal from a collision
of two identical bubbles. For very strong transitions, con-
sidered in this paper, the gradients in the scalar field give
the main source of GWs. The GW spectrum was in this
case first calculated for two-bubble collisions in Ref. [36].
These calculations suggested that envelope approxima-
tion, where the bubble walls are treated as infinitely thin
shells and the collided parts of the bubble walls are ne-
glected, could give a good description of the GW pro-
duction in bubble collisions [23]. This approximation has
since been revised in larger simulations [37–39], and its
result compared to that of full lattice simulations [24].
In this paper our goal is to compare the GW signals
from the cases with and without trapping. We numer-
ically calculate the GW signal in two-bubble collisions
leaving a more complete treatment with multiple bub-
bles for future work.
The total energy integrated over directions of the wave
vector kˆ at frequency ω of the GWs emitted in the phase
transition is given by [40]
dE
dω
= 2Gω2
∫
dΩk Λijlm(kˆ)T
∗
ij(kˆ, ω)Tlm(kˆ, ω) , (16)
where Λijlm is the projection tensor,
Λijlm(kˆ) = δilδjm − 2δilkˆjkˆm + 1
2
kˆikˆjkˆlkˆm
− 1
2
δijδlm +
1
2
δijkˆlkˆm +
1
2
δlmkˆikˆj ,
(17)
and the traceless part of the stress energy tensor sourced
by the scalar field gradients is
Tij(kˆ, ω) =
1
2pi
∫
dtd3x eiω(t−kˆ·x) ∂iφ∂jφ . (18)
We consider two-bubble collisions and set the collision
point as the origin of the coordinate system and z axis
along the symmetry axis of the system. The integral over
5the azimuthal angle can be performed analytically as the
derivatives don’t depend on it. Moreover, we can take
without loss of generality kˆ = (sin θk, 0, cos θk), which
implies that the xy and yz components of Tij vanish.
The remaining components of Tij can be written as
Trr(θk, ω) = −1
2
∫
dt eiωt
∫ ∞
0
dz cos(ω cos θkz)
∫ ∞
0
dr r
[
sin2 θkJ0(ω sin θkr) + (cos
2 θk+1)J2(ω sin θkr)
]
(∂rφ)
2 ,
Txz(θk, ω) = −
∫
dt eiωt
∫ ∞
0
dz sin(ω cos θkz)
∫ ∞
0
dr r J1(ω sin θkr) ∂rφ∂zφ ,
Tzz(θk, ω) =
∫
dt eiωt
∫ ∞
0
dz cos(ω cos θkz)
∫ ∞
0
dr r J0(ω sin θkr) (∂zφ)
2 .
(19)
where Trr(θk, ω) ≡ cos2 θkTxx(θk, ω) − Tyy(θk, ω) and Jj denote Bessel functions of the first kind. The integral over
kˆ directions in Eq. (16) reduces to dΩk → 2pidθk sin θk, and the projection gives
dE
dω
= 2piGω2
∫ pi
0
dθk sin θk
∣∣Trr(θk, ω) + sin2 θkTzz(θk, ω)− 2 sin θk cos θkTxz(θk, ω)∣∣2 , (20)
In the O(1, 2) symmetric case we use the (s, ψ) coordinates defined in Eq. (8). Let us denote by φ± the solution at
t ≥ r and t < r, respectively. The r derivative is then given by ∂rφ+ = − sinhψ∂sφ+ for t ≥ r and ∂rφ− = coshψ∂sφ−
for t < r, and integrals can be expressed as
Trr(θk, ω) = −1
2
∫
ds s2
∫ ∞
0
dz cos(ω cos θkz)
×
[
(∂sφ+)
2
∫ ∞
0
dψ sinh3 ψ eiωs coshψ
[
sin2 θkJ0(ω sin θks sinhψ) + (cos
2 θk+1)J2(ω sin θks sinhψ)
]
+ (∂sφ−)2
∫ ∞
0
dψ cosh3 ψ eiωs sinhψ
[
sin2 θkJ0(ω sin θks coshψ) + (cos
2 θk+1)J2(ω sin θks coshψ)
] ]
,
Txz(θk, ω) =
∫
ds s2
∫ ∞
0
dz sin(ω cos θkz)
[
∂sφ+∂zφ+
∫ ∞
0
dψ sinh2 ψ eiωs coshψJ1(ω sin θks sinhψ)
− ∂sφ−∂zφ−
∫ ∞
0
dψ cosh2 ψ eiωs sinhψJ1(ω sin θks coshψ)
]
,
Tzz(θk, ω) =
∫
ds s2
∫ ∞
0
dz cos(ω cos θkz)
[
(∂zφ+)
2
∫ ∞
0
dψ sinhψ eiωs coshψJ0(ω sin θks sinhψ)
+ (∂zφ−)2
∫ ∞
0
dψ coshψ eiωs sinhψJ0(ω sin θks coshψ)
]
.
(21)
We note that the field derivatives are independent of ψ,
and for fixed values of s, θk and ω, we can perform the
z and ψ integrals separately. This makes the numerical
calculation in the case of O(4) symmetric initial bubbles
significantly faster than the one with O(3) symmetric ini-
tial bubbles.
The result from the simulations with O(4) symmetric
initial bubbles are shown in Fig. 5. The blue solid and
red dashed curves correspond to the GW spectra in the
cases with and without formation of false vacuum bub-
bles in the collision. We show the results for two differ-
ent distances between the bubble centers. For d = 20 the
simulation ends at tmax = 26 and for d = 30 at tmax = 42.
We have not included a smooth end for the GW calcula-
tion as was done in Ref. [36]. However, we have checked
that the shape of the GW spectrum is not sensitive to
the value of tmax which rather only changes the overall
amplitude of the spectrum.
We see that the peak amplitude is higher in the case
without formation of false vacuum bubble in the colli-
sion. This is simply because the initial bubble is in that
case smaller (see e.g. Fig. 3) and the bubble wall there-
fore reaches a higher velocity before the collision leading
to production larger GW energy density. The Lorentz
factors of the bubble walls at the collision are γw ≈ 4 for
a = 10 and γw ≈ 7 for a = 2 in the case d = 20, and
γw ≈ 6 for a = 10 and γw ≈ 10 for a = 2 in the case
d = 30.
Moreover, it seems that the spectrum drops at high
frequencies faster than in the case where a false vacuum
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FIG. 5. GW spectrum from two-bubble collision. The red dashed curve shows the case where field remains oscillating around
the true vacuum after the collision and the blue solid curve the case where it bounces to the false vacuum. For comparison, the
envelope approximation result is shown by the thin gray line and the bulk flow approximation by the thin black line. The left
and right panels correspond to different distances d between the bubbles. All curves are divided by the maximum amplitude
of the envelope approximation result.
bubble is formed in the collision and this difference seems
to increase as a function of d. However, the difference is
quite small and from this result it seems unlikely that
these cases can be separated by their GW signal. How-
ever, in the case of more than two bubbles the spectrum
is affected also by the distribution of bubble sizes (or
nucleation times), and the fact that the bubble wall en-
ergy propagates for a larger distance from the collision
point in the case without false vacuum bubble formation
may change the spectrum similarly as in the bulk flow
approximation introduced in Ref. [41].
For comparison, we show also the result obtained in the
envelope approximation by the gray line [23] and in the
bulk flow approximation by the black line [41]. Whereas
in the envelope approximation the collides parts of the
bubbles are completely neglected, in the bulk flow ap-
proximation the collided sections lose their energy grad-
ually. The amplitude in the envelope approximation is
slightly higher than from the full calculation but it pre-
dicts very well the position of the peak. All results give
the same slope, ∼ ω3, at small frequencies, which sim-
ply arises from the fact that the stress energy tensor Tij
asymptotically reaches a constant value at ω  d/2. At
high frequencies the spectrum in the envelope approxi-
mation drops significantly slower than the result of the
full calculation. The envelope approximation gives slope
∼ ω−1/2 at high frequencies whereas the slope of the re-
sult of full calculation is between ∼ ω−1 and ∼ ω−3/4. In
the bulk flow approximation the spectrum instead drops
too fast at high frequencies, with slope between ∼ ω−1
and ∼ ω−2 in the range ωd/2 < 10.
V. BLACK HOLE FORMATION
Despite extensive experimental efforts the non-
gravitational nature of dark matter (DM) is largely un-
known. It can consist of almost anything from very light
axion like particles to macroscopic primordial black holes
(PBHs). As the WIMP paradigm, that is based on the
formation of the observed DM abundance through freeze-
out mechanism, has become strictly constrained by the
non-observation of WIMPs in direct DM searches [42, 43],
alternative scenarios have become increasingly popular.
These include for example formation of the observed DM
abundance through freeze-in mechanism [44, 45] or vac-
uum realignment [46, 47]. In these scenarios the DM can
be hidden from the direct searches as it’s couplings to
Standard Model (SM) particles are tiny.
Also the possibility that the DM is in PBHs that are
too heavy to have evaporated by now has recently been
revived, and various constraints on their abundance have
been revised. It has been shown that all DM can be in
asteroid mass PBHs [48, 49]. Moreover, many different
models for their formation have been thoroughly stud-
ied [50–60]. These are dominantly based on generation
of peaks in the curvature power spectrum during infla-
tion which eventually collapse to BHs as they re-enter
horizon after inflation [61, 62]. Other PBH formation
scenarios include collapse of cosmic strings [63, 64], do-
main walls [63, 65], or string-domain wall network [66],
scalar field fragmentation [67–69], and nucleation of false
vacuum bubbles during inflation [70–72].
In strongly supercooled phase transitions where the ex-
panding bubbles and their collisions generate large over-
densities, as can be seen in Figs. 3 and 4. Therefore
7a natural question to ask is if BHs are formed in bubble
collisions. The first attempt to do this based on the over-
densities caused by multiple bubble walls intersecting at
one point [34]. However, the volumes containing enough
energy for gravitational collapse are much larger than the
intersection point and the system is then very far from
being spherically symmetric. It is therefore not clear if a
BH is formed.
Another proposed mechanism relies on gravitational
collapse of small regions of false vacuum existing still
just before the transition completes [73]. Such final false
vacuum regions left between growing bubbles are typi-
cally not spherically symmetric. In fact, it is expected
that the energy contained in such a region drops quickly
as it shrinks. This, however, does not mean that a BH
can not be formed, but a dedicated numerical study is
necessary to study the evolution of the last false vacuum
regions and possible density of BHs that could potentially
be produced.
Third BH formation mechanism in phase transitions
was introduced in Ref. [33]. It is based on formation of
false vacuum bubbles in bubble collision. It was assumed
that these false vacuum bubble eventually become spher-
ical, shrink and collapse to a BHs. This seems at first
sight a promising formation scenario as it leads to large
abdundance or relatively big PBHs. However, our re-
sults indicate that the assumption the main assumption
behind this mechanism is not realised. From Fig. 4 we
see that, instead of getting spherical, the false vacuum
bubble becomes more an more pancakey as it bounces.
Therefore, it seems that black hole formation mechanism
considered in Ref. [33] does not work.
VI. CONCLUSIONS
In this paper we considered strongly supercooled phase
transitions which provide the most optimistic situation
for generating a strong GW background. We studied
two-bubble collisions by numerical lattice simulations.
We showed that in the bubble collision the scalar field
can either bounce to a false vacuum or remain oscillating
around the true vacuum. We then studied if the GW sig-
nal from the bubble collision can be used to distinguish
these two cases. We found that the produced GW spec-
tra are only slightly different and therefore seems to not
allow observing the false vacuum bubble formation. We
also compared the GW signal from the full calculation
to the results in the envelope and bulk flow approxima-
tions, and found considerable differences in the spectrum
at high frequencies. We finally discussed the possibility
of black hole formation in bubble collisions. Our results
indicate that vacuum bubbles do not collapse to black
holes as described in Ref. [33].
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